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Abstract. The superalgebra Kˆ ′(4) and the exceptional N = 6
superconformal algebra have “small” irreducible representations in
the superspaces V µ = tµC[t, t−1] ⊗ Λ(N), where N = 2 and 3,
respectively. For µ ∈ C\Z they are associated to the embeddings of
these superalgebras into the Lie superalgebras of pseudodifferential
symbols on the supercircle S1|N . In this work we describe Kˆ ′(4) and
the exceptional N = 6 superconformal algebra in terms of matrices
over a Weyl algebra. Correspondingly, we obtain realizations of
their representations in V µ for µ = 0.
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1 Introduction
This work is a continuation of [20, 21].
Recall that a superconformal algebra is a simple com-
plex Lie superalgebra spanned by the coefficients of a fi-
nite family of pairwise local fields
a(z) =
∑
n∈Z
a(n)z
−n−1,
one of which is the Virasoro field L(z) [3, 9–11]. Super-
conformal algebras play an important roˆle in the string
theory and conformal field theory. They can also be de-
scribed in terms of derivations of the associative super-
algebra C[t, t−1] ⊗ Λ(N), where Λ(N) is the Grassmann
algebra in N variables. The Lie superalgebra K(N) of
contact vector fields with Laurent polynomials as coef-
ficients is spanned by 2N fields [3, 6, 7, 10]. It is also
known as the SO(N) superconformal algebra [1]. K(N)
is simple if N 6= 4, if N = 4, then the derived Lie superal-
gebra K ′(4) is simple. The nontrivial central extensions
of K(1), K(2), and K ′(4) are well-known: they are iso-
morphic to the Neveu-Schwarz superalgebra, the “N = 2”
superconformal algebra, and the “big N = 4” supercon-
formal algebra [1]. K(6) contains the exceptional N = 6
superconformal algebra, also denoted by CK6, as a sub-
superalgebra. Note that CK6 is “one half” of K(6): it is
spanned by 32 fields [3, 4, 6, 12, 15, 22–24].
In [16, 17] Martinez and Zelmanov obtained CK6 as
a particular case of their construction of superalgebras
CK(R, d), where R is an associative commutative super-
algebra with an even derivation d.
Our approach is based on the realization of K(2N) in
terms of pseudodifferential symbols on the circle extended
by N odd variables. It is well-known that a Lie algebra
of contact vector fields can be realized as a subalgebra of
Poisson algebra [2]. Analogously, K(2N) can be embed-
ded into the Poisson superalgebra P (2N) of pseudodif-
ferential symbols on the supercircle S1|N [20, 21]. There
exists a family Ph(2N) of Lie superalgebras of pseudod-
ifferential symbols on S1|N , which contracts to P (2N).
There is no embedding of K(2N) into Ph(2N) if N ≥ 3.
It is remarkable that a nontrivial central extension Kˆ ′(4)
of K ′(4) and CK6 can be embedded into Ph(2N), where
N = 2 and 3, respectively [20, 21].
Associated to these embeddings, there are “small” ir-
reducible representations of Kˆ ′(4) and CK6 in the su-
perspaces V µ = tµC[t, t−1] ⊗ Λ(N), where (∂/∂t)−1 acts
as an antiderivative. This requires that µ ∈ C\Z. Nev-
ertheless, the representations of Kˆ ′(4) and CK6 in V
µ
can be defined if µ = 0. In this work we describe these
superalgebras in terms of matrices over the Weyl alge-
bra W =
∑
i≥0 Ad
i, where A = C[t, t−1] and d = t∂/∂t
(Theorems 1 and 2). This gives realizations of the repre-
sentations in V µ for µ = 0.
2 Contact and Poisson superalge-
bras
A superconformal algebra is a complex Lie superalgebra g
such that
(1) g is simple,
(2) g contains the centerless Virasoro algebra
der C[t, t−1] = ⊕
n∈ZCLn with the commutation
relations
[Ln, Lm] = (m− n)Ln+m (1)
as a subalgebra,
(3) adL0 is diagonalizable with finite-dimensional
eigenspaces:
g = ⊕igi, gi = {x ∈ g | [L0, x] = ix}, (2)
so that dimgi < C, where C is a constant independent of
i [7].
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Let Λ(2N) be the Grassmann algebra in 2N variables
ξ1, . . . , ξN , η1, . . . , ηN , and let
Λ(1, 2N) = C[t, t−1]⊗ Λ(2N)
be the associative superalgebra with natural multiplica-
tion and with the following parity of generators:
p(t) = 0¯, p(ξi) = p(ηi) = 1¯ for i = 1, . . . , N.
Let W (2N) be the Lie superalgebra of all derivations of
Λ(1, 2N). By definition,
K(2N) = {D ∈W (2N)|DΩ = fΩ for some f ∈ Λ(1, 2N)}
where Ω = dt+
∑N
i=1(ξidηi+ηidξi) is a differential contact
1-form [3–7, 10, 22–24]. There is a one-to-one correspon-
dence between the differential operators D ∈ K(2N) and
the functions f ∈ Λ(1, 2N). Let ∂t, ∂ξi and ∂ηi stand for
∂/∂t, ∂/∂ξi and ∂/∂ηi, respectively. The correspondence
f ↔ Df is given by
Df = ∆(f)∂t + (∂tf)E −Hf ,
where
E =
N∑
i=1
(ξi∂ξi + ηi∂ηi), ∆ = 2− E,
Hf = (−1)
p(f)+1
N∑
i=1
(∂ξif∂ηi + ∂ηif∂ξi).
The Poisson algebra P of pseudodifferential symbols on
the circle is formed by the formal series
A(t, τ) =
n∑
−∞
ai(t)τ
i,
where ai(t) ∈ C[t, t
−1], and the even variable τ corre-
sponds to ∂t. The Poisson bracket is defined as follows:
{A(t, τ), B(t, τ)} = ∂τA(t, τ)∂tB(t, τ)−∂tA(t, τ)∂τB(t, τ).
An associative algebra Ph, where h ∈ (0, 1] is a deforma-
tion of P . The multiplication in Ph is given as follows:
A(t, τ) ◦h B(t, τ) =
∑
n≥0
hn
n!
∂nτ A(t, τ)∂
n
t B(t, τ).
The Lie algebra structure on the vector space Ph is given
by
[A,B]h = A ◦h B − B ◦h A,
so that
limh→0
1
h
[A,B]h = {A,B}, (3)
see [13, 14, 18, 19]. The Poisson superalgebra of pseudod-
ifferential symbols on S1|N is P (2N) = P ⊗ Λ(2N). The
Poisson bracket is defined as follows:
{A,B} = ∂τA∂tB − ∂tA∂τB+
(−1)p(A)+1
N∑
i=1
(∂ξiA∂ηiB + ∂ηiA∂ξiB).
Let Λh(2N) be an associative superalgebra with genera-
tors ξ1, . . . , ξN , η1, . . . , ηN and relations
ξiξj = −ξjξi, ηiηj = −ηjηi, ηiξj = hδi,j − ξjηi.
Let Ph(2N) = Ph ⊗ Λh(2N) be a superalgebra with the
product given by
(A1 ⊗X)(B1 ⊗ Y ) = (A1 ◦h B1)⊗ (XY ),
where A1, B1 ∈ Ph and X,Y ∈ Λh(2N). The Lie bracket
of A = A1 ⊗X and B = B1 ⊗ Y is
[A,B]h = AB − (−1)
p(A)p(B)BA,
and (3) is satisfied. Ph(2N) is the Lie superalgebra of
pseudodifferential symbols on S1|N . There exist embed-
dings of Kˆ ′(4) and CK6 into Ph(2N), where N = 2 and
N = 3, respectively [20, 21].
3 Case Kˆ ′(4)
The derived superalgebra
K ′(4) = [K(4),K(4)]
is a simple ideal in K(4) of codimension one, defined from
the exact sequence
0→ K ′(4)→ K(4)→ CDt−1ξ1ξ2η1η2 → 0.
The superalgebra K ′(4) is spanned inside P (4) by the 12
fields:
Ln = t
n+1τ, Xjn = t
n+1τξj , Yn = t
n+1τξ1ξ2, (4)
Lin = t
nηi, X
ji
n = t
nξjηi, Y
i
n = t
nξ1ξ2ηi, (5)
where i, j = 1, 2, and 4 fields
F 0n = t
n−1τ−1η1η2,
F in = t
n−1τ−1ξiη1η2, i = 1, 2,
F 3n = t
n−1τ−1ξ1ξ2η1η2, n 6= 0.
Note that Ln is a Virasoro field [20, 21]. Let Kˆ
′(4) be
one of three independent central extensions ofK ′(4), such
that the corresponding 2-cocycle is
c(Ln, F
3
k ) = δn+k,0, n 6= 0,
c(X in, F
j
k ) = (−1)
jδn+k,0, 1 ≤ i 6= j ≤ 2,
c(Yn, F
0
k ) = δn+k,0.
The superalgebra Kˆ ′(4) ⊂ Ph(4) is spanned by the 12
fields (4)–(5) and 4 fields:
F 0n,h = τ
−1 ◦h t
n−1η1η2, (6)
F in,h = τ
−1 ◦h t
n−1η1η2ξi, i = 1, 2, (7)
F 3n,h = τ
−1 ◦h t
n−1η1η2ξ1ξ2 +
h
n
tn, n 6= 0, (8)
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and the central element h ∈ Ph(4), so that
limh→0Kˆ
′(4) = K ′(4) ⊂ P (4).
Let V µ = tµC[t, t−1] ⊗ Λ(ξ1, ξ2), where µ ∈ C\Z. We
fix h = 1, and define a representation of Kˆ ′(4) in V µ
accordingly to the formulas (4)–(8). Namely, ξi is the op-
erator of multiplication in Λ(ξ1, ξ2), ηi is identified with
∂ξi , τ
−1 is identified with an antiderivative, and the cen-
tral element 1 ∈ Ph=1(4) acts by the identity operator.
Consider the following basis in V µ:
v0m(µ) =
1
m+ µ
tm+µ, v1m(µ) = t
m+µξ1,
v2m(µ) = t
m+µξ2, v
3
m(µ) = t
m+µξ1ξ2, m ∈ Z.
Explicitly, the action of Kˆ ′(4) on V µ is given as follows:
Ln(v
0
m(µ)) = (n+m+ µ)v
0
m+n(µ),
Ln(v
i
m(µ)) = (m+ µ)v
i
m+n(µ), i = 1, 2, 3,
X in(v
0
m(µ)) = v
i
m+n(µ), i = 1, 2,
X1n(v
2
m(µ)) = (m+ µ)v
3
m+n(µ),
X2n(v
1
m(µ)) = −(m+ µ)v
3
m+n(µ),
Yn(v
0
m(µ)) = v
3
m+n(µ),
Lin(v
i
m(µ)) = (n+m+ µ)v
0
m+n(µ), i = 1, 2,
L1n(v
3
m(µ)) = v
2
m+n(µ), L
2
n(v
3
m(µ)) = −v
1
m+n(µ),
Xjin (v
i
m(µ)) = v
j
m+n(µ), i, j = 1, 2,
X iin (v
3
m(µ)) = v
3
m+n(µ), i, j = 1, 2,
Y in(v
i
m(µ)) = v
3
m+n(µ), i = 1, 2,
F 0n,1(v
3
m(µ)) = −v
0
m+n(µ),
F 1n,1(v
2
m(µ)) = −v
0
m+n(µ), F
2
n,1(v
1
m(µ)) = v
0
m+n(µ),
F 3n,1(v
i
m(µ)) =
1
n
vim+n(µ), n 6= 0, i = 0, 1, 2, 3.
Naturally, V µ = ⊕mV
µ
m, where V
µ
m = t
m+µ⊗Λ(ξ1, ξ2). A
Z-grading on Kˆ ′(4) is defined by the element L0 = tτ of
the Virasoro algebra according to (2). We have that
gi(V
µ
m) ⊂ V
µ
m+i, (9)
and g0
∼= sˆl(2|2), where the central element is L0. Note
that sˆl(2|2) has the following one-parameter family spinλ
of (2|2)-dimensional irreducible representations:
spinλ :
(
A B
C D
)
⊕CL0 →
(
A B + λC˜
C D
)
⊕Cλ·12|2,
where A,B,C,D ∈ gl(2,C), trA = trD, λ ∈ C. Let Eij
be an elementary 2 × 2-matrix. C˜ is determined by the
following conditions:
if C = Eii, then C˜ = Ejj , where i 6= j,
if C = Eij , i 6= j, then C˜ = −Eij .
(10)
According to (9), there is a representation of g0 in V
µ
m for
each m ∈ Z, and V µm
∼= spinλ=m+µ as g0-modules.
Note that if µ = 0, we cannot formally define a rep-
resentation of Kˆ ′(4) in V µ. Nevertheless, all the for-
mulas for the action of Kˆ ′(4) on vectors vim(µ), where
i = 0, 1, 2, 3 and m ∈ Z, remain true to µ = 0. Thus a
representation of Kˆ ′(4) in the superspace
V = Span(vim(0) | i = 0, 1, 2, 3 and m ∈ Z) (11)
is well-defined. To obtain a realization of this representa-
tion, at first we will describe Kˆ ′(4) in terms of matrices
over a Weyl algebra. By definition, a Weyl algebra is
W =
∑
i≥0
Adi, (12)
where A is an associative commutative algebra and
d : A→ A is a derivation of A with the relations
da = d(a) + ad, a ∈ A.
Set
A = C[t, t−1], d = L0 = tτ. (13)
Replacing λ by d in the formulas for spinλ, we obtain the
following theorem.
Theorem 1. Let Kˆ ′(4) = ⊕igi, where the Z-grading is
given by L0 = tτ . Then
1) g0
∼= sˆl(2|2) is realized as a Lie superalgebra of 4 × 4
matrices over C[d] of the type
(
A B + dC˜
C D
)
⊕ Cd · 12|2,
where A, B, C, and D are 2 × 2 matrices over C, trA =
trD and C˜ is determined by the conditions (10). The
central element in sˆl(2|2) is L0 = d · 12|2, and the central
element in Kˆ ′(4) is 12|2.
2) Kˆ ′(4) is a subsuperalgebra of 4 × 4 matrices over W
generated by sˆl(2|2) and by all matrices
(
Eij(a) 0
0 0
)
,
(
0 0
0 Eij(a)
)
,
where a ∈ A and 1 ≤ i 6= j ≤ 2.
3) The standard representation of Kˆ ′(4), realized as ma-
trices overW , in (2|2)-dimensional vector superspace over
A is isomorphic to the above-mentioned representation in
the superspace V in the case when µ = 0, see (11).
4 Case CK6
The exceptional superconformal algebra CK6 is spanned
by the following 32 fields inside K(6) ⊂ P (6):
Ln = t
n+1τ, Gin = t
n+1τξi, i = 1, 2, 3,
G˜in = t
nηi − nt
n−1τ−1ξjηiηj , i = 1, 2, 3,
T ijn = t
nξiηj − nt
n−1τ−1ξkξiηkηj , i 6= j 6= k,
T in = −t
n(ξjηj + ξkηk) + nt
n−1τ−1ξjξkηjηk, i = 1, 2, 3,
Sin = −t
nξi(ξjηj + ξkηk) + nt
n−1τ−1ξiξjξkηjηk, i = 1, 2, 3,
S˜in = t
n−1τ−1(ξjηj − ξkηk)ηi, i = 1, 2, 3,
3
Iin = t
n−1τ−1ξiηjηk, i = 1, 2, 3, In = t
n+1τξ1ξ2ξ3,
J ijn = t
n+1τξiξj , J˜
ij
n = t
n−1τ−1ηiηj , i < j,
where n ∈ Z, and (i, j, k) is the cycle (1, 2, 3) in the for-
mulas for G˜in, T
i
n, S
i
n, S˜
i
n, and I
i
n, see [21]. Note that Ln
is a Virasoro field.
CK6 is spanned inside Ph(6) by the 8 fields: Ln, G
i
n,
In, and J
ij
n , and the following 24 fields:
G˜in,h = t
nηi − nτ
−1 ◦h t
n−1ηiηjξj , i = 1, 2, 3,
T ijn,h = t
nξiηj − nτ
−1 ◦h t
n−1ηkηjξkξi, i 6= j 6= k,
T in,h = −t
n(ξjηj + ξkηk)+
nτ−1 ◦h t
n−1ηjηkξjξk + ht
n,
Sin,h = −t
nξi(ξjηj + ξkηk)+
nτ−1 ◦h t
n−1ηjηkξiξjξk + ht
nξi,
S˜in,h = τ
−1 ◦h t
n−1(ηjηiξj − ηkηiξk), i = 1, 2, 3,
Iin,h = τ
−1 ◦h t
n−1ηjηkξi, i = 1, 2, 3,
J˜ ijn,h = τ
−1 ◦h t
n−1ηiηj , i < j,
(14)
where n ∈ Z, and (i, j, k) is the cycle (1, 2, 3). We have
that limh→0CK6 = CK6 ⊂ P (6), see [21].
Let V µ = tµC[t, t−1] ⊗ Π(Λ(ξ1, ξ2, ξ3)), where µ ∈ C\Z,
and Π denotes the change of parity. We fix h = 1, and
define a representation of CK6 in V
µ according to the
formulas (14). Consider the following basis in V µ:
vim(µ) =
tm+µ
m+ µ
Π(ξi), vˆ
i
m(µ) = t
m+µΠ(ξjξk), 1 ≤ i ≤ 3,
v4m(µ) =
tm+µ
m+ µ
Π(1), vˆ4m(µ) = −t
m+µΠ(ξ1ξ2ξ3),
where m ∈ Z and (i, j, k) is the cycle (1, 2, 3) in the for-
mulas for vˆim(µ). Explicitly, the action of CK6 on V
µ is
given as follows:
Ln(v
i
m(µ)) = (m+ n+ µ)v
i
m+n(µ),
Ln(vˆ
i
m(µ)) = (m+ µ)vˆ
i
m+n(µ),
Gin(v
4
m(µ)) = (m+ n+ µ)v
i
m+n(µ),
Gin(vˆ
i
m(µ)) = −(m+ µ)vˆ
4
m+n(µ),
Gin(v
j
m(µ)) = vˆ
k
m+n(µ), G
i
n(v
k
m(µ)) = −vˆ
j
m+n(µ),
G˜in,1(v
i
m(µ)) = v
4
m+n(µ), G˜
i
n,1(vˆ
4
m(µ)) = −vˆ
i
m+n(µ),
G˜in,1(vˆ
j
m(µ)) = −(m+ µ)v
k
m+n(µ),
G˜in,1(vˆ
k
m(µ)) = (m+ n+ µ)v
j
m+n(µ),
T ijn,1(v
j
m(µ)) = v
i
m+n(µ), T
ij
n,1(vˆ
i
m(µ)) = −vˆ
j
m+n(µ),
T in,1(v
i
m(µ)) = v
i
m+n(µ), T
i
n,1(v
4
m(µ)) = v
4
m+n(µ),
T in,1(vˆ
i
m(µ)) = −vˆ
i
m+n(µ), T
i
n,1(vˆ
4
m(µ)) = −vˆ
4
m+n(µ),
Sin,1(v
4
m(µ)) = v
i
m+n(µ), S
i
n,1(vˆ
i
m(µ)) = vˆ
4
m+n(µ),
S˜in,1(vˆ
j
m(µ)) = v
k
m+n(µ), S˜
i
n,1(vˆ
k
m(µ)) = v
j
m+n(µ),
Iin,1(vˆ
i
m(µ)) = −v
i
m+n(µ), In(v
4
m(µ)) = −vˆ
4
m+n(µ),
J ijn (v
4
m(µ)) = vˆ
k
m+n(µ), J
ij
n (v
k
m(µ)) = −vˆ
4
m+n(µ),
J˜ ijn,1(vˆ
k
m(µ)) = −v
4
m+n(µ), J˜
ij
n,1(vˆ
4
m(µ)) = v
k
m+n(µ),
where (i, j, k) is the cycle (1, 2, 3), see [21].
We have that V µ = ⊕mV
µ
m, where V
µ
m = t
m+µ ⊗
Π(Λ(ξ1, ξ2, ξ3)). A Z-grading in CK6 is defined by the
element L0 = tτ of the Virasoro algebra according to (2),
so that (9) holds. Note that g0
∼= Pˆ(4), where the central
element is L0 and P(4) is a simple Lie superalgebra de-
fined as follows. Let P˜(4) be the Lie superalgebra, which
preserves the odd nondegenerate supersymmetric bilin-
ear form antidiag(14, 14) on the (4|4)-dimensional com-
plex superspace. Thus
P˜(4) = {
(
A B
C −At
)
| A ∈ gl(4,C), Bt = B,Ct = −C}.
P(4) is a subsuperalgebra of P˜(4) such that A ∈ sl(4,C),
see [8]. Pˆ(4) is a nontrivial central extension of P(4). It is
known that Pˆ(4) has a family spinλ of (4|4)-dimensional
irreducible representations:
spinλ :
(
A B
C −At
)
⊕CL0 →
(
A B − λC˜
C −At
)
⊕Cλ·14|4,
where λ ∈ C, 14|4 is the identity matrix, and C˜ is deter-
mined by the following condition:
if Cij = Eij − Eji, then C˜ij = Ckl, so that
the permutation (1, 2, 3, 4) 7→ (i, j, k, l) is even,
(15)
cf. [6] and [22–24]. According to (9), there is a represen-
tation of g0 in V
µ
m for each m ∈ Z, and V
µ
m
∼= spinλ=m+µ
as g0-modules.
Similarly to the case of Kˆ ′(4), all the formulas for the
action of CK6 on vectors v
i
m(µ), vˆ
i
m(µ), where 1 ≤ i ≤ 4
and m ∈ Z, remain true to µ = 0. Thus a representation
of CK6 in the superspace
V = Span(vim(0), vˆ
i
m(0) | 1 ≤ i ≤ 4 and m ∈ Z) (16)
is well-defined. To obtain a realization of this represen-
tation, we will use the Weyl algebra W defined in (12)
and (13). Replacing λ by d in the formulas for spinλ, we
obtain the following theorem, cf. [17].
Theorem 2. Let CK6 = ⊕igi, where the Z-grading is
given by L0 = tτ . Then
1) g0
∼= Pˆ(4) is realized as a Lie superalgebra of 8 × 8
matrices over C[d] of the type
(
A B − dC˜
C −At
)
⊕ Cd · 14|4,
where A, B, and C are 4 × 4 matrices over C, trA = 0,
Bt = B, Ct = −C, and C˜ is determined by the condition
(15). The central element in Pˆ(4) is L0 = d · 14|4.
2) CK6 is a subsuperalgebra of 8 × 8 matrices over W
generated by Pˆ(4) and by all matrices
(
Eij(a) 0
0 −Eji(a)
)
, where a ∈ A and 1 ≤ i 6= j ≤ 4.
3) The standard representation of CK6, realized as matri-
ces over W , in (4|4)-dimensional vector superspace over
A is isomorphic to the above-mentioned representation in
the superspace V in the case when µ = 0, see (16).
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